Optimization and Decision Making 2019 Examination: Solutions

HIEY 309000 (1)

b) If they run the limited Spring service and there is high demand, then either:
they run the full service in the Summer, gaining

0.75 x 300000 + 0.25 x —240000 = 165000;

they run the limted service in the Summer and gain

0.75 x 180000 4 0.25 x 60000 = 150000.

Thus they should run the full service. This then leads to an expected rewarding for
running the limited Spring service of 0.6 x 165000 + 0.4 x —120000 = 51000. This
is greater than the reward of not running the service (0), so they should run the
Spring limited service and then if demand is high, run the full Summer service.

c) Letting this probability be p the expected profit for investing is 165000p —
120000(1 — p) = —120000 + 285000p. Investment should not be made if this is
less than 0, i.e. if p < 8/19 = 0.421.



2

d) We simply replace the monetary returns by their utilities in the above calculations.
Thus after high demand following the limited Spring service, the expected utility
for the full service is 1 x 0.75 + 0 x 0.25 — 0.75 and for the limited service is
0.95 x 0.75+0.8 x 0.25 = 0.9125. Thus the limited Summer service is now the best
policy. If the limited Spring service is run the expected utility is 0.6 x 0.9125 +
0.4 x 0.4 = 0.7075 > 0.7 which is the utility of 0. Thus the company should run the
limited Spring service, and go for the limited Summer service if high demand occurs
in the Spring.
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a) Minimise 160z;; + 150212419023 4 15029; + 140295 + 220293 + 10023, + 170235 +
1803333 + 120$41 + 2103)42 + 210$43

subject to

ZTu + T12 + 713 < 4,

To1 + X + Ta3 < 3,

T3 + T3z + 233 < 7,

Za1 + T2 + 243 < 6,

Z11 + To1 + Z3) + T41 > 5,

Z12 + Tag + T3z + T4 > 5,

Z13 + Taz + T33 + T43 > 10,
:L'i]-ZOforz':l,...,4;j=1,...,3.

b)
|t |2 3 |
A160 [150 [190 |4
B[ 150 [140 [220 |3
Cl100 [T70 [180 |7
D[120 (210 [210 |6
I 5T 5] 10]

Using the least cost algorithm we get the following allocation



|t |2 |3 |

A160 [0 |190 [[4
2 2

B|150 [140 |20 |3

3

Cl10 |10 |80 |7
5 2

D120 |20 |20 |6
6

I s 5] 10]

Setting u; = 0 we get vy = 150,v3 = 190, uy = —20,u3 = 10,v; = 110,us = 10.
This is not optimal since v; — u4 = 130 > 120. Thus we add to this square (5 is
the maximum), and adjust the three included squares that form a. square with it, to
give the following allocation

1 2 [3 |

A[160 |50 [190 |4
2 2

B|150 |10 (220 |3

3

C|100 [170 |80 |7
7

D120 [210 (210 |6
5 1

T 5] 10]

We now have u; = 0,v, = 150,v3 = 190,us = —20,u3 = 10,v; = 110, us = 10,
which comparing to the vacant squares gives an optimal allocation, with cost 3170.

c) Making this change makes the solution no longer optimal, so that we need to
make a further change to the allocation. One updating is sufficient, with the new
optimal allocation simply being the original one from the least cost allocation, i.e.



|1 2 |3 |

AJ160 [150 [190 |4
2 2

B[150 (140 [220 |3

3

Cl10 |10 (180 |7
5 2

D140 |210 |210 |6
6

I 5T 5[ 10]

The total cost now is 3220.
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a) [12 marks] The dual problem is to minimise 12y; + 9y,
subject to

Nty 21,

n + 392 Z 27

4y +y2 > 3,

Y1, Y2 > 0.

The profit line hits the feasible region at the lowest point when
y1="7/11 and y, = 5/11.
This yields a cost of 129/11.

b) [10 marks] We use the Equilibrium Theorem, which is as follows:

Let x* and y* be feasible vectors for the standard maximum problem and its dual.
Then x* and y* are optimal if and only if

y; = 0 for all ¢ such that > 51 05%; < b; and

zj = 0 for all j such that Y 7" | y*a;; > c;.

Using the Equilibrium Theorem we know that 71 = 0 since the associated inequality
for this variable was not satisfied with equality. Substituting z; = 0 into the original
conditions and setting to equality gives Zo +4x3 = 12 and 3z9 4+ z3 = 9, which yield
T = 24/11,z3 = 27/11. Thus we have a profit which is 129/11, which is consistent
with a).

c) [8 marks] The dual problem is to minimise 2y1 + 9y,
subject to

Bty =1,

Y1+ 3y2 > 2,



4yl + yZ 2 37
Y1, Y2 Z 0.

Now the profit line hits the feasible region at y; = 2,y, = 0, with a cost of 4. Here
the first and third conditions are not satisfied with equality, so that z; = z3 = 0.
Similarly y» = 0 means that the second condition of the original problem is not
satisfied with equality. Substituting z; = z3 = 0 into the first gives T3 = 2, yielding
a profit of 4 as expected.
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a) [8 marks] The expected rate of return is given by

pp=E[3 " wip) =30 wE[p] = D oieq Wikl

The variance is o} = B{(pr — up)’] = B [ (T wips — S, wim))?] =
E [ ?:1 (w; (ps — #i))2] = Zj:l ww; El(p; — 1) (o5 — pj)] = sz=1 WiW;045.

b) [10 marks] We wish to minimise f(w, ..., ) = %szzl w;w;0;;, subject to
g1(w1, ..., wn) =30 wip; — pp = 0, and G2 (W1, -, wy) =30 w; —1=0.

We consider the following Lagrangian:

L(wl, o 5 ,wnl/\l, /\2) = f('ll)]_, ciey 'U)n) o= )\lgl(wl, o m ,'U)n) — /\292(’(.01, Sodt e ,’LUn). To find
our optimal portfolio, we need to take all of the derivatives of the Lagrangian and
set each of them to be equal to 0.

oL N _
aw'=wiai2+2wjoij—)\1m—)\2=0, Z=l,...,77,
‘ J#i
oL s
on, M Zwilti =0,
=1
oL -
—=1- w; =0
kY
i=1
For three assets we must solve the simlutaneous equations
oL
e w107 + Wao1s + w3013 — Ay — Mg =0,
1
oL
s WaTy + W1 012 + W3T23 — Arpz — Ao =0,
2
oL

2 —
_—= UI30'3 + w1013 + Wo093 — )\1/J.3 — Az = 0,

6’[1)3



8L_ w —0

3N = pHp 141 — Wy — w3z = 0,
oL
Ezl—wl—u&—wgzo.

After working (the key steps of which must be given) these rearrange to give

Kp — Wiy — Wally — w3z = 0,
1—’(1)1—'11)2—21)3:0,
(1207 — 013) + p1(013 — 012) + pra(np — a})]wi+
[u3(05 — o13) + p2(012 — 093) + 1 (093 — 03)Jwa+
[H1(0§ — 093) + ps(o93 — 013) + p2(o13 — ag)]w;; = 0.
The first two equations give
_ (pp — p3) —wr (g — py)

wa ’
Ko — 3
_ (2 — pp) + wi(py — )
W3 = .
Ho — 13

c) [8 marks] Substituting, we have w, = (—0.03 4 w;0.04)/(—0.03) = 1 — 4w, /3 and
ws = (0 — 0.01w;)/(—0.03) = w, /3.

Using the third equation, we have

—0.001w; + 0.004w, + 0.002w3 =0 = —w; + 4wy + 2w3 =0 =

—wy +4(1 — 4w, /3) + 2w, /3 =0 = 17wy = 12 = w; = 12/17. This in turn yields
wy = 1/17, w3 = 4/17.

d) [4 marks] Substituting, we have wy = (=0.02 + w,0.04) /(—0.03)-= (2 —4w,)/3
and

wz = (—0.01 — 0.01w;)/(—0.03) = (1 + w,)/3.

The third equation is unchanged, so we have

—w1 +4(2 — 4w;)/3 + 2(1 + w1)/3=0= 17w, = 10 = w; = 10/17. This in turn
yields wy = —2/17,ws = 9/17.

This would involve some short selling of the second stock. If this was not possible,
we would set wy = 0 and this would give w1 = w3 = 1/2 as the solution which yields
the target return.



